Abstract-A subcell modeling technique for frequencydependent thin layers in finite-difference time-domain method is introduced. The proposed method is based on the application of the integral form of the Maxwell-Ampere equation and the solution of a set of auxiliary equations to advance the field components. It has the ability to handle one or several frequencydependent thin layers embedded in a frequency-dependent medium without solving high-order differential equations. To validate our proposed method, we compare the obtained results with analytical solutions and with numerical references in both time domain and frequency domain.
I. INTRODUCTION
T HE finite-difference time-domain (FDTD) method [1] relying on sampling the space and time is widely used for numerical simulations of electromagnetic wave propagation. The resolution of the sampling tends to be set under the Nyquist limit to retain the frequency components of interest in the system. However, when a very finely detailed geometry such as the human body is in the FDTD space, the FDTD space has to be sampled in conformity with the thickness of the smallest details. This spatial sampling may be significantly shorter than the one needed for retaining the necessary frequency components. Furthermore, the overall number of FDTD cells and time steps may be excessively large with the very fine spatial resolution, rendering the computation impracticable.
In the past years, many works were conducted on accelerating the FDTD method by means of subcell techniques [1] that permit objects or structures thinner than the FDTD cell to be accounted for. The thin wire formalisms [2] , [3] and thin slot formalisms [4] , [5] have been the early subcell techniques. Later, several thin layer techniques [6] - [10] were published almost simultaneously to allow the FDTD method to deal with arbitrarily thin layers, without reducing the cell size in proportion. They can address dielectric and lossy media where the real permittivity and the conductivity are not frequencydependent, and they assume that the layer is thin with respect to the wavelength and the skin depth. More recently, methods relying on the same assumption have been reported [11] , [12] to account for layers where the permittivity and the permeability are frequency-dependent complex numbers. And to address the opposite situation of [6] - [12] , that is the case where the skin depth in the layer is shorter than its thickness, there exist other thin layer methods based on the surface impedance boundary condition concept, as the recent work [13] .
In this paper, we present a method which permits one or several frequency-dependent thin layers to be embedded in a frequency-dependent background. This is a situation currently encountered in bioelectromagnetism where thin layers are placed between thick media. Such problems cannot be addressed with [11] and [12] that deal with only one dispersive layer surrounded with a vacuum. The proposed method relies on the application of the integral form of the Maxwell-Ampere equation and the solution of a set of auxiliary equations.
Section II describes the principle of the method. Section III derives the FDTD equations for the advance of the electric and magnetic fields in the cells traversed by the layers. Section IV is devoted to numerical experiments. Comparisons with analytical solutions and with numerical references, in both time domain and frequency domain and in 1-D and 3-D, clearly demonstrate the accuracy of the method. Finally, Section V proposes a simplified version of the thin layer method that can yield an acceptable approximation of the rigorous solution in some human body applications.
II. PRINCIPLE OF THE THIN LAYER TECHNIQUE FOR DEBYE MEDIA

A. Debye Media in the FDTD Method
In bioelectromagnetism, the electrical properties of the human tissues are in general described by the Debye model where the relative permittivity is complex and frequency dependent. The one-pole Debye model reads
where 0 is the vacuum permittivity, ∞ is the optical relative permittivity, S is the static relative permittivity, τ is the relaxation time, σ is the conductivity, and ω is the angular frequency of 2π f . The relationship that connects the electric 0018-926X © 2016 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.
field component E u and the electric flux density D u is then
Equation (2) can be written as
The time domain counterpart of (3) can be obtained by replacing j ω with the derivative on time (∂/∂t). This yields
Equation (4) 
B. Previous Thin Layer Methods
The methods [6] - [10] , presented independently, are all based on the same principle. They consist of computing the electric components parallel to the layer by discretizing the integral form of the Maxwell-Ampere equation
in place of its differential form usually employed in the FDTD method. In (5), C is the contour that surrounds a surface S which is that of one cell in the FDTD discretization. Use of the integral form permits cells filled with several media to be accounted for, which is not possible with the differential form. The methods [6] - [10] are fundamentally similar in their assumptions. Only [7] significantly differs from the others because it assumes that the electric component normal to the layer is present in the layer, which results in a special FDTD advance of this component in addition to special advances of the other two components. The rationale to do this is not provided in [7] , it is just reported in [9] that in special cases where the parallel components are negligible, the results are slightly improved by this additional treatment. The thin layer method presented in the following also relies on the discretization of (5) for the advance of the electric components parallel to the layer. There is no special treatment of the component normal to the layer. The method can then be viewed as an extension of methods [8] and [10] which are identical, even if there are more theoretical investigations of the accuracy in [10] .
C. Equations to be Solved in the FDTD Cells Crossed by the Thin Layer
Let us consider a layer of thickness d perpendicular to x-direction and placed between two frequency-dependent media as represented in Fig. 1 . The components E y and E z are parallel to the layer and located inside it. This is the same arrangement as in [6] - [10] . Fig. 2 shows a x y plane with a layer in the middle of an FDTD cell, with E z node inside the layer and the H components surrounding it. The tangential D z is not continuous at the interfaces between the three media, so that three different D z must be considered in the cell. Let us denote them as D z 1 , D z 2 , and D z 3 . Assuming that E and D are computed at time n and H at time n + (1/2) in the grid, applying the Maxwell-Ampere equation (5) to the surface x y in Fig. 2 yields
where
is an auxiliary quantity homogeneous to D, defined as the sum of the D z components weighted with the partial surfaces in the cell
with
Assuming that z is known at the same time n as E z and D z , it can be advanced to time n + 1 by discretizing the derivative in (6) . This gives
The final objective is to find the E z component at time n + 1 in the FDTD cell, because it is needed for the advance of the H field at the next half-step of the FDTD time stepping.
The tangential E z component is continuous at the interfaces between the media. Therefore, it can be assumed as uniform in the cell in Fig. 2 , as in any other cell of the FDTD space.
In theory, finding E z at time n + 1 can be done by means of two methods. They are described in the following.
1) Advance of the E-Field by Solving an (M+1)-Order Differential Equation for M Different Debye Media in the Cell:
The method consists of writing (7) in frequency domain, which reads
where the location (i, j, k) has been omitted. Since E z is the same in the three media and also D z (ω) = (ω)E z (ω) holds in each medium, (9) can be written as
This expression is general, i.e., valid with any media. In the special case of Debye media (1), it can be explicitly written as
where ∞ m , S m , τ m , and σ m are the Debye parameters of medium m. Equation (11) is in the same form as (2) . Let us first consider the case where only medium 2 is a Debye medium, the other two being pure dielectric or lossy media. Then (11) reduces to
Equation (12a) is the same as (2), with just other coefficients. Its time domain counterpart can be written as
which is identical to (4) rigorously, with just the permittivities and the conductivity replaced with the weighted averaged values of (12b), (12c), and (13b), and with the relaxation time τ 2 of the thin layer. Thus, when a thin layer is placed between two dielectric or lossy media, and especially in a vacuum, E n+1 z can be obtained using the same equation as at any regular node of the grid, with (12b), (12c), (13b), and τ = τ 2 .
In the case where several Debye media are present, replacing j ω with (∂/∂t) in (11) . However, the high-order discretization would be complicated. This is why we used this method only with M = 1 which yields (13) . For M > 1, we used the other solution presented in the next section. (14) which are identical to (2) used at the regular nodes of the FDTD space to find E n+1
2) Advance of the E-Field by Solving a Set of Second-Order Differential Equations: This method to find
. Their time domain counterparts are the same as well, which read
Discretization of (15) In summary, two approaches can be used to advance the E components parallel to the layer when M Debye media are present in the cell. One approach by discretizing one (M + 1)-order differential equation, the other by discretizing M secondorder differential equations identical to the auxiliary equation used at the regular nodes of the Debye medium. In the experiments reported in this paper, we used the latter solution relying on a set of M second-order differential equations. The actual FDTD algorithm corresponding to this solution is provided with details in Section III. In the case of a thin layer in a vacuum, we also performed the calculations with (13a). Section V shows that (13a), exact when only one Debye medium is present in the FDTD cell, can provide us with an acceptable approximation of the solution when several human body Debye media are present in the cell.
III. THIN LAYER FDTD UPDATE EQUATIONS
A. Update Equations for the Components Inside the Thin Layer
We
Utilizing (7) and (16), n+1 z can be rewritten as
When M = 3, by making E n+1 z the subject of (17), we obtain
where Fig. 2 . Therefore
With S μds = μ y z in mind, (20) can be manipulated as
which is the regular FDTD update equation. In the case when the thin layer is perpendicular to y-or z-direction, the update equations are (16), (18), and (21) with circular permutations of coordinates.
The advance of the fields inside the layer can be summarized as follows. 
B. Update Equations for the Components Adjacent to the Thin Layer
For E x , H y , and H z which are located half-cell away from the thin layer, the FDTD equations are left unchanged. Consider, for example, the calculation of the H y (i − (1/2) , j, k) as illustrated in Fig. 3 .
The standard FDTD equation cannot be applied in this area, since H y and E x are discontinuous at the physical interface. However, E z is continuous at the interface. Hence, E z at the interface, denoted as E z , can be calculated by linear interpolation as
Then, applying (19) to the contour yields
Substituting E z in (22) into (23) gives the regular FDTD update equation
For the advance of H z , we can follow the same logic and find the same update equations as in a vacuum. In addition, the advance of E x involves only H y and H z . As they remain outside the layer, applying (5) to E x gives the regular update equation. It is worth pointing out that no instability was observed in the numerous 1-D and 3-D calculations we performed with either one or several human body layers in the FDTD cell. This is in accordance with the stability of previous thin layer methods [6] - [12] where instability is not mentioned.
IV. NUMERICAL EXPERIMENTS
In this section, results computed with the thin layer technique are compared with analytical solutions and reference solutions computed with the FDTD method. The FDTD references were computed using a fine FDTD grid whose space step was equal to the thickness of the layer. In all cases, the thin layer results were computed using the set of (15), i.e., with the update equations (16) and (18). The permeability, μ, was set to the vacuum permeability. In the case of one Debye layer in a vacuum, in addition to the solution from (16) and (18) with S = ∞ = 1 and σ = 0 in two media, we report the solution computed with the discretized form of (13), denoted as "thin layer using (13)" in the figures. We also report in some figures a result computed with the same coarse grid as the one used with the thin layer calculation, but with a thick layer whose thickness equals the space step. This result is denoted as "thick layer in coarse grid." It demonstrates the error which would result from the assumption that a thin layer is one cell in thickness when its physical thickness is shorter than the FDTD cell.
A. 1-D Numerical Experiments
We considered a plane wave with x-directed propagation and z-directed E field. In this case, only E z and H y exist along x-direction. The excitation waveform for all experiments was a Gaussian pulse g(t) = 100[exp −((t − 5T)/T) 2 ] where T = 0.1 ns and the frequency range of interest is up to 5 GHz. We considered three different simulation scenarios as depicted in Fig. 4 . Debye media parameters of the human tissues used in the experiments and their skin depths, δ, and wavelengths, λ, at 5 GHz are provided in Table I .
For the thin layer technique, the FDTD steps were x = 1 mm and t = 1.7 ps. For the fine grid reference, we set x = 0.2 mm and t = 0.34 ps. The wave was introduced in the FDTD space using the total-field/scatteredfield method. In each simulation, E z was recorded to observe the reflected wave at A and the transmitted wave at B. Fig. 5 shows results for the simple case in Fig. 4(a) where a 0.2-mm-thick Skin layer is placed in vacuum. The thin layer results are plotted for calculations performed with (16) and (18), and with the onelayer equation (13) . The two results are superimposed and they agree very well with the reference solution computed with a fine grid. Conversely, the result computed with a layer whose thickness equals the space step of the coarse grid, that is five times its physical thickness, is strongly erroneous.
1) Thin Layer in Vacuum:
2) One Thin Layer in a Debye Medium: In this experiment, the thin Debye layer was embedded within another Debye medium that fills the whole computational domain. In the cell where the thin layer is situated, there are three Debye media. Two are identical. The reported results in Fig. 6 were obtained using the general solutions (16) and (18). Equation (13) was not used as it is invalid with three Debye media. As with the layer in a vacuum, with the layer in a Debye medium background an excellent agreement is observed with the fine grid reference solution, for both the reflected and the transmitted fields.
3) Several Thin Layers in Vacuum:
We considered the presence of three layers in vacuum, 0.4-mm-thick Skin, 0.2-mm-thick Fat, and 0.4-mm-thick Muscle layers, as shown in Fig. 4(c) . The total thickness equals the FDTD space step of 1 mm. Therefore, there are three Debye layers in the cell and (16) and (18) can be used. The reflected and transmitted fields plotted in Fig. 7 agree very well with the fine grid reference. Notice that if the total thickness of the three layers were thinner than the FDTD cell, four layers would be present in the cell, which would require use of a set of four equations, i.e., (15) with M = 4. 
B. 1-D Numerical Versus Analytical Results
We calculated the reflection and transmission coefficients from the FDTD simulations and compared with analytical solutions for the case where one Debye medium was inserted in vacuum as depicted in Fig. 4(a) . The division of the spectrum of each reflected and transmitted waves by the spectrum of the incident Gaussian pulse, F {g(t)}, gives the reflection coefficient |R( f )| and the transmission coefficient |T ( f )| as a function of frequency. The analytical reflection and transmission coefficients are given by
where c is the speed of light, d is the layer thickness, and r ( f ) is (1). Fig. 8 shows |R( f )| and |T ( f )| from the FDTD simulation and the analytical solution for Skin layers of thicknesses 0.2 and 0.01 mm.
The computed results and the analytical solutions agree very well for both layer thicknesses. In most experiments in this paper, the ratio of the cell size to the layer thickness is only 5, because this is a realistic ratio in view of human body applications. However, the accuracy of the method is preserved when the ratio is larger, as demonstrated with the experiment reported in Fig. 8 with ratio 100.
C. 3-D Numerical Experiment
A 18-mm × 13-mm × 10-mm Bone surrounded by 0.4-mm-thick Fat and 0.2-mm-thick Skin layers was placed in vacuum as depicted in Fig. 9 . The Debye media parameters, skin depths, and wavelengths at 5 GHz (σ , S , ∞ , τ , δ, and λ) of Bone are 0.104 S/m, 14.2, 7.36, 34.1 ps, 16.7 mm, and 18.2 mm.
Reference solution was obtained by setting x = y = z = 0.2 mm and t = 0.34 ps. In the thin layer technique, the sampling was x = y = z = 1 mm and t = 1.7 ps. The size of the FDTD space was 380 × 380 × 380 cells with the fine grid calculation whereas it was 92 × 92 × 92 cells with the thin layer technique. The FDTD space was excited using the Gaussian pulse defined in Section IV as a point soft source. The object and the observation points, A and B, were on a line parallel to x-axis. Fig. 10 shows the observations for the scenario depicted in Fig. 9 . The thin layer technique results are superimposed on the fine grid reference. On the contrary, the result computed with the layers whose thicknesses equal the space step of the coarse grid is substantially different. 
V. APPROXIMATE THIN LAYER TECHNIQUE FOR HUMAN BODY MEDIA
In the case of one Debye medium in the FDTD cell, (13) is equivalent to a set of (15). For more than one Debye medium, (11) in time domain becomes a higher order differential equation, e.g., a fourth-order differential equation for three Debye media. However, if we assume that the relaxation time τ is the same for all the media, then (11) yields (13) with ∞ and S equal to weighted averages of ∞ and S in the three media. Therefore, we tried (13) with several human tissues in the FDTD cell, using the same simulation settings shown in Fig. 4(c) , and with a unique relaxation time τ set equal to the minimum, maximum or weighted average of τ among those tissues. This approximate method is compared in Fig. 11(a) and (b) with the fine grid reference and the solution obtained using (15) i.e. the discretized equations (16) and (18). Fig. 11(a) shows the case with a Fat layer between Skin and Muscle in the cell with values of common τ equal to the Skin τ , the Muscle τ , and the averaged τ . The approximate solution with averaged τ gives good agreement with the fine grid reference in that case. The same test was conducted with different tissues, Eyeball, Optical Nerve, and Cerebellum, whose Debye media parameters, skin depths, and wavelengths at 5 GHz, (σ , S , ∞ , τ , δ, λ), correspond to ( .47 mm), respectively. As seen from Fig. 11(b) , the approximate solution with the averaged τ slightly deviates from the fine grid reference. However, for the calculations which do not require the high accuracy, the approximate solutions (12) and (13), especially with the averaged τ , could be used.
VI. CONCLUSION
A subcell modeling technique has been presented for the inclusion of frequency-dependent thin layers in the FDTD grid. The layers can be embedded in a frequency-dependent background and can be arbitrarily thin. Numerical experiments have demonstrated that the proposed method yields results in close agreement with analytical and reference solutions. The thin layer method has the potential of providing dramatic reductions of the computational requirements in comparison with calculations with the FDTD cell size equal to the thickness of the layers. More importantly, it will permit to account for more details in calculations with the human body. As an example, at some places of the body the skin is only 0.1 mm in thickness. With a 0.1-mm FDTD cell, modeling the entire body would require an FDTD domain of the order of 10 12 cells. Using the subcell technique will allow the FDTD domain to be reduced to a reasonable size, while preserving the exact thickness of the skin.
